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Abstract
A proposal to study the effect of interaction in an agegraphic dark energy model in DGP brane-
world cosmology is presented in this manuscript. After explaining the details, we proceed to apply
the dynamical system approach to the model to analyze its stability. We first, constrain model
parameters with a variety of independent observational data such as cosmic microwave background
anisotropies, baryon acoustic oscillation peaks and observational Hubble data. Then, we obtain
the critical points related to different cosmological epochs. In particular, we conclude that in the
presence of interaction, dark energy dominated era could be a stable point if model parameters n
and β, obey a given constraint. Also, big rip singularity is avoidable in this model.
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1. INTRODUCTION
Large-scale observations indicate a late-time cosmic acceleration [1]-[6] . Pressureless
matter which offers standard gravitational attraction cannot speed up the universe. Hence,
several scenarios proposed to explain this cosmic accelerated expansion [7]-[10] . The ba-
sic idea is to insert a new component with an effective negative pressure into Einstein’s
energy-momentum tensor to push the universe apart, called dark energy (DE). Various DE
candidates have been proposed in the literature, for instance, the cosmological constant [11]
and scalar field DE models [12]-[16] .
Understanding the nature of DE in a fundamental theory such as quantum gravity may
be more feasible. Holographic DE (HDE) [17]-[19] and agegraphic DE (ADE) [20] are some
other types of DE models that originate from string theory. HDE and ADE are consistent
with quantum principle, in the sense that they obey a Heisenberg type uncertainty relation.
Also, both of them predict a time-varying DE equation of state (EoS) and are very successful
in explaining observational data. Choosing the event horizon of the universe as the length
scale, the late-time acceleration is obtained naturally in HDE model. But, there is an obvious
shortcoming in holographic approach because the causality appears in this theory. Since the
event horizon is a general concept of space-time and is determined by future evolution of the
universe, it only exists for an evermore accelerated expanding universe [21]-[22] . Therefore,
in a similar approach, the author in [20] proposed a new quantum-based DE model as a
solution to the causality problem in the holographic scenario, called ADE in which the age
of the universe is considered to be the length scale.
In addition to the uncertainty relation of quantum mechanics, ADE models assume that
the observed DE, originates from space-time and matter field fluctuations in the universe.
In fact, combining Ka´rolyha´zy relation [23] , δt = ζt
2/3
p t1/3, in which ζ , is a dimensionless
constant of order unity, with the time-energy uncertainty principle, an expression for the
energy density of quantum fluctuations in Minkowski space-time could be obtained as [24]
ρ ∼ 1
t2pt
2
∼ M
2
p
t2
, (1)
in which t, is the length scale and tp and Mp, are the reduced Planck time and Planck mass,
respectively.
Although non-interacting ADE model attracted a plenty amount of attention since its
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birth [25]-[30] , investigating the interaction between dark matter and ADE and its con-
sequences was of particular interest for many authors [31]-[36] . In fact, one of the most
important motivations for considering the interaction between the dark sectors of the uni-
verse is to solve the coincidence problem [37]-[39] .
Independent of what mentioned heretofore, extra dimensional theories in which our four-
dimensional (4D) universe is considered as a brane embedded in a higher dimensional space-
time dubbed bulk, have attracted a great deal of attention since nearly the beginning of the
current century [40]-[42] . In brane-world scenarios the standard model of particle physics
is confined to a 4D brane and only gravity can leak into the bulk. Among various brane-
world scenarios the one proposed by Dvali, Gabadadze and Porrati (DGP) which includes
an infinite Minkowski bulk is remarkably suitable to explain the late-time acceleration of the
universe [43] . With attention to the two different states that the brane can be embedded
in the bulk, the DGP model contains two separate branches with distinct characteristics
denoted by ǫ = ±1. The self-accelerating branch with ǫ = +1 that naturally leads to the
late-time acceleration and the case with ǫ = −1, that needs a DE component to explain an
accelerating phase, called normal branch.
Recently, many authors have studied various DE candidates in a normal DGP model,
such as cosmological constant (ΛDGP)[44]-[46] , scalar fields (SDGP) [47]-[49] , Chaplygin
gas [50]-[51] , HDE [52]-[55] and ADE [56] . Among them, the authors in [51] and [55] , have
considered an interacting model and investigated the effect of interaction in their works. For
instance, the authors in [51] , have indicated a greater tendency of the flow to go towards
a specific attractor point with gradually increasing value of interaction. Also, in [55] , the
authors have shown that the first and the generalized second law of thermodynamics are
affected by interaction if one consider the event horizon as the boundary of the universe.
Herein, we would like to investigate the evolution of the vacuum energy on the brane
in a normal DGP model according to the agegraphic principle in a general but powerful
mechanism called dynamical system analysis. This is an approach that has greatly pervaded
the cosmological researches, because it determines the fixed points of the system under
consideration which may represent important cosmological solutions [57]-[63] . We show
that if an interacting ADE model is considered, DE dominated era will be a stable point
while in a non-interacting case, it is a saddle point [64] .
The paper is organized as follows: In Sec.II, we explain the interacting ADE model in
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a DGP brane-world cosmology in detail. Sec.III, is dedicated to the dynamical system
approach, though it also includes a numerical best-fitting procedure. Sec.IV, includes a
discussion about the big rip singularity in our model. Summary and remarks have been
expressed in Sec.V.
2. THE ADE IN DGP MODEL
As we mentioned in the introduction, in ADE scenario the age of the universe
T =
∫ a
0
da
Ha
, (2)
is considered as the length scale in which a and H , are the scale factor and the Hubble
parameter, respectively. Substituting T for t, in Eq.(1), agegraphic energy density can be
written as [20]
ρDE =
3n2M2p
T 2
. (3)
Here, 3n2 is a numerical factor that parameterizes some uncertainties, such as the effect of
curved space-time and the species of quantum fields in the universe. Note that the constant
parameter n, in ADE model has the same role as c, in HDE model. The Friedmann equation
on the brane in a normal DGP brane-world model is [65]
H2 +
H
rc
=
ρm + ρDE
3M2p
, (4)
in which rc, is called crossover length scale which separates 4D and 5D regimes of the model
and ρm, is the dark matter density of the universe on the brane.
In the following we proceed to study the dynamical system analysis of our model. We
start by introducing the fractional energy densities as
Ωm =
ρm
3M2pH
2
, ΩDE =
ρDE
3M2pH
2
, Ωrc =
1
4r2cH
2
0
, (5)
(Hereafter, the subscript 0, refers to the current value of cosmological parameters). Using
the above definitions we can rewrite the Friedmann equation as
Ωm + ΩDE + ΩDGP = 1, (6)
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in which we have introduced a new dimensionless cosmological parameter related to the
extra dimension as ΩDGP = 2ǫ
H0
H
√
Ωrc . Combining Eq.(3) with the definition of ΩDE , we
can obtain another useful relation as
ΩDE =
n2
H2T 2
. (7)
Also, differentiating Eq.(1) with respect to the cosmic time and using the prior relation we
reach to
ρ˙DE = −2HρDE
√
ΩDE
n
. (8)
Considering the interaction between the dark sectors of the universe the energy densities no
longer evolve independently, rather they satisfy the following equations
ρ˙m + 3Hρm = Q, (9)
ρ˙DE + 3H(1 + wDE)ρDE = −Q. (10)
in which Q, represents the interaction term which gives the rate of energy exchange between
the dark components of the universe. Combining Eq.(8) with Eq.(10), we find the EoS
parameter of the ADE as
wDE = −1 +
2
3n
√
ΩDE −
Q
3HρDE
. (11)
There is not a unique form for Q, in the literature. It has been considered as a term
proportional to ρm, ρDE , ρm + ρDE ,
√
ρDEρm or
ρDEρm
ρDE+ρm
[66]-[74] . Also, in a model with
conformal coupling between a scalar field DE and the matter content, chameleon cosmology,
the interaction term naturally appears as a product of ρm and the time variation of the
scalar field coupling function [36] ,[75] . In the following, we consider the form of interaction
as Q = 3βH ρDEρm
ρDE+ρm
, that has been preferred in [74] . Therein, by employing the information
criteria method the authors have shown that in an interacting HDE model this type of
interaction is most favored by Planck 2015 results. β is a dimensionless coupling parameter
that determines the strength of the interaction. Also, according to our convention β, has a
positive value which means that the ADE decays to dark matter.
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3. DYNAMICAL SYSTEM APPROACH AND STABILITY ANALYSIS
Dynamical system approach is a mathematical tool which gives insights on the long-term
behavior of the model under consideration and its evolution near the fixed points, using
stability analysis. Generally, a dynamical system of order n, is defined as follows:
1. The state of the system at any time t, can be represented by n real variables that can
be considered as coordinates of a vector in an nD space, called phase-space.
2. The time evolution of the system, is represented by a set of first order equations, called
equations of motion.
If time does not appear in the equations explicitly, we have a time-independent or an
autonomous system which is the case of interest in this approach. In order to perform
the stability analysis, one has to introduce some auxiliary variables so that the cosmolog-
ical equations of motion turn into a self-autonomous dynamical system. To this aim, we
introduce the following new dimensionless variables:
x =
√
ρm
3M2p (H
2 + H
rc
)
, y =
√
ρDE
3M2p (H
2 + H
rc
)
. (12)
So, Eq.(4), yields the Friedmann constraint as
x2 + y2 = 1. (13)
Because our phase-space variables x and y, should be non-negative, and with attention to
Eq.(13), one can obtain the following constraints on phase-space variables: 0 ≤ x ≤ 1, and
0 ≤ y ≤ 1. Now, we can rewrite the EoS parameter of ADE, Eq.(11), in terms of new
variables as
wDE = −1 +
2
3n
yz − βx2 . (14)
Also, differentiating Friedmann equation with respect to time t, and using Eqs.(9) and (10),
after some calculations we obtain
H˙
H2
=
−3z2(x2 + 2
3n
y3z − βx2y2)
z2 + 1
, (15)
in which z =
√
1 + 1
Hrc
. Since both H and rc, are positive, so z ≥ 1. The 4D situation
corresponds to the limit rc → ∞. Considering the phase-space variables, Eq.(12), using
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Eqs.(13) and (15), we obtain the following system of ordinary differential equations in xy-
plane as
x′ = −3
2
x+
3
2
βxy2 +
3
2
x
(
x2 +
2
3n
y3z − βx2y2
)
, (16)
y′ = −y
2z
n
+
3
2
y
(
x2 +
2
3n
y3z − βx2y2
)
. (17)
Here, prime means derivative with respect to ln a. Regarding the definitions mentioned
above, this system is autonomous, though we have considered the evolution of the system
with respect to ln a, instead of t.
Now, using stability analysis we want to study the behavior of our system in the
vicinity of its critical points. To this aim, we impose the conditions x′ = 0 and y′ = 0
simultaneously, and find the fixed points of our model. But before that, we try to fit our
model parameters n, ΩDE0, Ωrc , H0 and the interaction coefficient β, with observational
data. We use χ2 method for a combination of cosmic microwave background (CMB) data,
baryon acoustic oscillations (BAO) data and observational Hubble data (OHD). The results
have been shown in TABLE I.
TABLE I: Best-fitted values of model parameters
model parameters H0 ΩDE0 n β Ωrc
best-fitted values 67 0.82 14 0.18 0.0099
TABLE II, indicates the allowed fixed points which satisfy the constraints on x and y.
To discuss these critical points we use relations xz =
√
Ωm and yz =
√
ΩDE , and advert
to Eq.(6). At point A, ΩDE = 0 and
√
Ωm = z. We know that z ≥ 1 and the maximum
value of Ωm is 1. So we conclude that Ωm = 1 and therefore point A demonstrates a matter
dominated era. In the same way, point B, relates to a DE dominated era. Because at this
point we have Ωm = 0 and
√
ΩDE = z. With attention to the constraint on z and Eq.(6),
we find that ΩDE is at least equal to 1 (because ΩDGP is always negative). Therefore this
point indicates a DE dominated epoch.
Eigenvalues have been expressed in terms of β and n. It can be seen that point A is
always an unstable point irrespective of the value of β. But point B, is a saddle point if
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TABLE II: Fixed points of the model
points (x, y) eigenvalues description stability
A (1 , 0)
(
3
2
, 3
2
(1 + β)
)
matter dominated unstable
B (0 , 1)
(
2−3n
n ,
3βn−3n+2
2n
)
DE dominated
stable if β < 1− 2
3n
saddle if β > 1− 2
3n
FIG. 1: Position of the fixed points of our model when β > 1 − 2
3n (left), and when β < 1 − 23n
(right). The blue curve shows the best-fit trajectory.
β > 1 − 2
3n
, and is a stable point if β < 1 − 2
3n
. Regarding TABLE I, it is clear that for
the best-fitted values of β and n, point B, is a stable point. FIG.1, demonstrates the phase
portrait of our dynamical system in xy-plane for the best-fitted values.
4. BIG RIP SINGULARITY
One of the most important problems in cosmology is the so called big rip singularity.
This problem was first brought up in DE models in which the DE component is a phantom
fluid with wDE < −1. In these models the energy density of the phantom fluid grows with
the expansion of the universe so that it blows up at a finite time in the future and all
bound structures rip apart [76] . Although some authors have shown that phantom big
rip singularity can be prevented via interactions between the dark sectors of the universe
[77]-[78] , this problem may still appear in some other modified gravity theories and also
brane-world scenarios, because in these cases one can introduce an effective DE component
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with a dynamical EoS parameter weff , which may cross the phantom divide line (w = −1),
and end up with a phantom phase in the future and as a consequence would yield the big
rip singularity. So, in order for a cosmological model to be more viable, it should avoid this
singularity.
The direct condition for the avoidance of big rip is wtot > −1[31] . Although in an ADE
model wDE, is always greater than -1, when one considers an interacting ADE model, w-
crossing occurs. But neither of the models suffers from the big rip problem, because wtot
is always greater than -1. On the other hand, neither a ΛDGP model[47], nor a SDGP[48]
model yield a big rip singularity, though in the latter w-crossing happens. In another article,
the authors have shown that a DGP model with HDE, suffers from the big rip singularity[52].
But the case is different for ADE in a DGP brane-world model. As it has been illustrated in
[56] , both the wDE and wtot, are always greater than -1, and this model does not approach
big rip singularity.
To discuss the role of interaction in a DGP model in the presence of ADE, we write the
total EoS parameter in terms of our new variables as
wtot = −1 −
2H˙
3H2
= −1 + 2z
2(x2 + 2
3n
y3z − βx2y2)
z2 + 1
. (18)
With attention to Eq.(18), we can estimate the value of wtot, in different epochs of the
universe in our model. It is easy to determine that in matter dominated era (point A) and
also in DE dominated era (point B), wtot, has a value greater than -1. What is important
for us is the value of wtot, in the future. This means that the future big rip singularity
is avoidable in our model. Using the best-fitted model parameters, we have illustrated
the behavior of total EoS parameter of the model. Figure 2, indicates that the universe
undergoes acceleration without entering phantom regime in the past or future.
5. CONCLUSION
In this manuscript we investigated the effect of interaction between ADE and dark mat-
ter in a normal branch of DGP cosmology in the context of dynamical system approach.
After introducing the model and the new phase-space variables, we obtained a two dimen-
sional autonomous system. We first constrained model parameters numerically and using
observational CMB+BAO+OHD data, and then tried to find critical points of the model.
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FIG. 2: The evolutionary curve of total EoS parameter for the best-fitted values of combining
CMB+BAO+OHD.
We found two critical points, an unstable point which was related to matter dominated era
and also another DE dominated critical point which could be stable if β < 1 − 2
3n
. Hence,
we concluded that interaction could lead to a stable universe in the future. This is very
interesting, because as it has been mentioned in [64] , a non-interacting ADE model in DGP
cosmology does not include any stable critical point. Thus, in addition to the known role of
interaction in solving the coincidence problem we represented that it could be very useful in
stabilization of the universe. Also, we indicated that there is not the big rip singularity in
our model.
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